Operator method to obtain expectation values for stationary non-Markoffian processes without any approximations is described. On this method, we find a nonequilibrium steady state such thaUhe detailed balance holds, but the process is asymmetric with respect to time reverse.
A fluctuation in equilibrium is naturally symmetric with respect to time reverse. A nonequilibrium steady state is heretofore explained in terms of the cyclic balance characterized by the invalidity of detailed balance. 1) However, the nonequilibrium steady state does not necessarily mean the invalidity of detailed balance. In the present paper, we show simple examples of nonequilibrium steady state such that the time reversal invariance does hold with respect to two different times (detailed balance) but not with respect to more than two different times. To this end, we describe an operater method which enables us to obtain expectation values for stationary random processes.
We consider random variable x described by a general random process which need not be Markoffian. The realization value of x at time n is denoted by x (n). Each x (n) is assumed to take one of r values:
x(n)=e" ... , er; (n: integer).
(1)
The joint probability Pk} ... ( n, m, ... ) defined by the probability of finding x( n)= ek, x( m)= ej, ... is given by2)
where 8 is Kronecker's 8, which can be expressed in this case as the following explicit form:
The expectation value of a functional
is given by
where Wk is the conditional probability of finding x (n) = e k at time n which depends on x in the past:
Equation (4) can be briefly expressed by the use of the oparator (matrix). We regard ek(k=l, ... , r) as. the eigenvalue of operator x(n). To distinguish operators from scalars, boldface type is used for operators. It is emphasized that x(n) differs from x(n), since the latter is the realization value of x which directly connects with actual data, but the former is the operator introduced formally. The eigenvector corresponding to an eigenvalue ek(k= 1, ... , r) is represented by Ik>. When they are orthonormalized, namely,
then the following equation is satisfied,
We formally replace the random variables as
In this replacement, and by the use of Eq. (6), Eq. ( 4) is rewritten as Comparing Eqs. (3) and (10), we get the following replacement according to relation (7):
The joint probabilities are therefore obtained from Eq. (.2) as
By the use of Eq. (S), the expectation values can be formally calculated.
We show a simple example of the nonequilibrium steady state in detailed balance. Consider the random process taking only two values (el=l, e2=-I) . In this case, the projection and density operators are given by Eqs.
In the stationary process taking only two values, the principle of detailed balance always holds, irrespective of the explicit form of Eq. (5); from Eqs. (13) and (14),
Under the condition of steady state, <x(n» =<x(m», the above equation leads to
Let the conditional probability WI be
where Co, ... , C3 are the arbitrary constants whose values are restricted by the condition 0< WI < 1. This process (16) is non-Markoffian, since the previous three steps have an effect on the present step. If we completely take into account the previous three steps, we need the following additional terms to the right-hand side of Eq. (16):
C.X (n-l).x( n-2)+ C5X( n-2).x( n-3) + C6X( n-3)x( n-1) + C7X( n-l).x( n-2)x( n-3).
These terms can be found from
WI(x(n-l), x(n-2), x(n-3))
under the condition x (m)2 = 1. The process following Eq. (16) can be simulated by computer.
If the initial condition is, for example, given by (2) 
where Eqs. (15) and (16) 
From the above relation and under the condition of steady state, it follows that <x(n»= col (1-CI -C2-C3).
(1S)
This result is consistent with the condition of steady state. In order to prove the time reversal asymmetry of the process (16), we define
When !:t 0, the process is defined to be time reversal noninvariant. Inserting Eqs. (14), (13) into (19), we obtain
From Eqs. (S), (15), (16) and (17), the above equation leads to ! where
and (10) as
The condition for the validity of detailed balance becomes
By the use of Eqs. (13) and (21), it follows that
We suppose, for example,
where Co, ... , C3 are the constants, then the density operator is given by Eq. 
The expectation values can be calculated from Eqs. (8) and (24) (1-4c3c) where C=Cl+C3 and <x(n)2)=2/3(1-2c).
The random process described by Eq. (23) is asymmetric with respect to time reverse, although it is in detailed balance.
